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Week 2
Cycles

TSP

Matchings with Exercise

Exercise Info



Infos

Feel free to contact me:

▪ tistucki@student.ethz.ch

▪Discord: timostucki

Material: 

▪ timostucki.com



Cycles



A&D Recap

"non-distinct" 

vertices

distinct vertices

- walk path

endpoints must be 

the same

closed walk 

(German: Zyklus)

cycle (German: 

Kreis)



Cycles

Hamiltonian Cycle

▪A cycle that contains every vertex exactly once 

Eulerian Cycle

▪A closed walk that contains every edge exactly once

G has a Eulerian cycle ⟺ G is connected and every vertex has an even degree



!!! IMPORTANT !!!

▪Proof by contradiction in Script on p. 56, Satz 1.40

(different from proof in lecture)



Cycles

There must always be a guarantee that 
no vertex is ever repeated



Cycles



Cycles



Cycles



TSP
Travelling-Sales-Person Problem



TSP



TSP

▪ Finding 
approximations 
for TSP is also 
NP-complete:



TSP

For C > 0 it holds that (C*0 = 0) and (C*L ≠ 0 for L ≠ 0)

→ (1) also holds for C-approx. algorithm

→

(1)



Metric TSP



Metric TSP

Intuition:

For all x, y, z in [n] with e = {x, z}, f = {x, y}, g = {y, z} the inequality holds:

l(e) ≤ l(f) + l(g)

In other words: A “shortcut” can never be longer than an indirect path

x

y

z



Metric TSP For all x, y, z in [n] inequality holds: l({x, z}) ≤ l({x, y}) + l({y, z})

Goal: 

▪ Find a 2-approx. algorithm for the metric 
TSP

This means:

Algorithm has to find Hamiltonian cycle C
s.t.

l(C) ≤ 2 * opt(Kn, l)



Metric TSP For all x, y, z in [n] inequality holds: l({x, z}) ≤ l({x, y}) + l({y, z})

1. Find MST T (Minimal Spanning 
Tree)

l(T) ≤ opt(Kn, l)
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Metric TSP

▪ Finding MST dominates the runtime
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Matchings



Matchings

covered

(/überdeckt)



Matchings



Matchings

Maximal matching:

We cannot add another edge to the matching

Maximum matching:

We couldn’t find a better matching for a given graph



Matchings



Matchings

Every edge in              must be adjacent to at least one edge in 
otherwise, that edge could be added to           , and           wouldn’t 
really be maximal

Additionally, every vertex covered by           (of which there are           
) must only be incident to one edge in           since it is a matching

→ → (2)                                  

(1)

(2)



Matchings

is maximal!



Umfrage





Matchings



Matchings



Matchings



Matchings



Matchings

→ We can make an algorithm out of this! 



Matchings



Matchings



Matchings

▪ For 1 iteration:

▪ In total after at most n/2 iterations:

(since a maximum matching has at most n/2 edges) 



Matchings

▪Preview:



Exercise S3.1





Exercise Preview





Exercise Review





A general approach

▪Understand the property P you need to prove

▪ Try to map the problem onto a different one (on a different graph G’) 
s.t.

P’ holds for G’ → P holds for G (1)

▪Construct the new graph for which a modified property P’ is easier 
to prove

▪Prove P’

▪Make use of (1)
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